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We show the boundedness of the mixed Lp,p
′
([0,1]d × SO(d)) norm of periodizations of
a function f from Lp(Rd) ∩ Lq(Rd) where 1 p 2 and 1 q < q(p) and d 5.
© 2011 Elsevier Inc. All rights reserved.
Let f be a function from L1(Rd). Deﬁne a family of its periodizations with respect to a rotated integer lattice:
gρ(x) =
∑
ν∈Zd
f
(
ρ(x− ν)) (1)
for all rotations ρ ∈ SO(d), where x ∈ [0,1]d . We will study the following mixed norm:
‖g‖p,s =
( ∫
ρ∈SO(d)
∥∥gρ − gˆ(0)∥∥sp dρ
) 1
s
.
Periodizations appear in the Steinhaus tiling set problem. See for example [1] and [2] where estimates on functions with
identically vanishing periodizations are obtained.
Since ‖gρ‖1  ‖ f ‖1 for any rotation ρ ∈ SO(d), we have the trivial estimate
‖g‖1,∞  ‖ f ‖1. (2)
In [3] the author obtained the following result. If f ∈ L1(Rd) ∩ L2(Rd), d 5 then
‖g‖2,2  ‖ f ‖q + ‖ f ‖2, (3)
where 1 q < 2dd+2 .
Our main result is
‖g‖p,p′  ‖ f ‖q + ‖ f ‖p, (4)
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1− d−2d · 1p′
and f ∈ L1(Rd) ∩ Lp(Rd). Note that
‖g‖p,p′ =
( ∫
ρ∈SO(d)
∥∥gρ − gˆ(0)∥∥p′p dρ
) 1
p′
is the norm of gρ in the quotient space Lp,p
′
([0,1]d × SO(d)) modulo constants. Since functions from L1(Rd) ∩ Lp(Rd)
are dense in Lq(Rd) ∩ Lp(Rd), we can deﬁne periodizations gρ of f ∈ Lq(Rd) ∩ Lp(Rd) as elements of the quotient space
Lp,p
′
([0,1]d × SO(d)) modulo constants.
To obtain inequality (4), we need to interpolate between (2) and (3). To proceed further, we will prove the following
lemma on interpolation of linear operators.
Lemma 1. If T is a linear operator on Lq0 ∩ Lr0 ∩ Lq1 ∩ Lr1 with q0  r0 and q1  r1 such that
‖T f ‖p0  ‖ f ‖q0 + ‖ f ‖r0 ,
‖T f ‖p1  ‖ f ‖q1 + ‖ f ‖r1
then
‖T f ‖p  ‖ f ‖q + ‖ f ‖r,
where 1p = 1−tp0 + tp1 , 1q = 1−tq0 + tq1 and 1r = 1−tr0 + tr1 for 0 t  1.
Proof. Let Ei be disjoint sets covering the whole space such that |Ei | 1. Consider the following mixed norm
‖ f ‖q,r =
(∑
i
‖ f ‖qLr(Ei)
) 1
q
.
Since q r, we have
‖ f ‖q =
(∑
i
‖ f ‖qLq(Ei)
) 1
q

(∑
i
‖ f ‖qLr(Ei)
) 1
q
= ‖ f ‖q,r
and
‖ f ‖r =
(∑
i
‖ f ‖rLr(Ei)
) 1
r

(∑
i
‖ f ‖qLr(Ei)
) 1
q
= ‖ f ‖q,r .
Thus, we have
‖T f ‖p0  ‖ f ‖q0,r0 ,
‖T f ‖p1  ‖ f ‖q1,r1 .
Interpolating we get
‖T f ‖p  ‖ f ‖q,r .
Suppose q < ∞. Fix a function f ∈ Lq ∩ Lr . Then there are disjoint sets Ei with |Ei | = 1 covering the whole space and a
non-increasing sequence of numbers α1  α2  α3  · · · such that | f |  α1 on E1 and αi  | f |  αi−1 on Ei for i  2.
In order to construct this sequence, consider the distribution function λ f (α) = |{| f | > α}|, which is right-continuous and
non-increasing. Also, λ f (α) → 0 as α → ∞. Let α1 = inf{α: λ f (α) 1}. If λ f (α1) = 1 then E1 = {| f | > α1}. If λ f (α1) < 1
then let E ′1 be a subset of {| f | = α1} of measure 1 − λ f (α1) and E1 = {| f | > α1} ∪ E ′1. We have | f |  α1 on E1 and|E1| = 1. Suppose k  2 and Ei and αi are constructed for 1  i  k − 1. Let αk = inf{α: λ f (α)  k}. If λ f (αk) = k then
Ek = {| f | > αk}\⋃k−1i=1 Ei . If λ f (αk) < k then let E ′k be a subset of {| f | = αk}\⋃k−1i=1 Ei of measure k − λ f (αk) and Ek =
{| f | > αk} ∪ E ′ \⋃k−1 Ei . Then we have that Ei , 1 i  k, are disjoint, αi  | f | αi−1 on Ei and |Ei | = 1 for 2 i  k.k i=1
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‖ f ‖q,r =
(∑
i1
‖ f ‖qLr(Ei)
) 1
q

(
‖ f ‖qLr(E1) +
∑
i2
‖ f ‖qLr(Ei)
) 1
q

(
‖ f ‖qr +
∑
i2
α
q
i−1
) 1
q

(
‖ f ‖qr +
∑
i1
‖ f ‖qLq(Ei)
) 1
q

(‖ f ‖qr + ‖ f ‖qq) 1q  ‖ f ‖r + ‖ f ‖q.
If q = ∞ then r = ∞ and ‖ f ‖∞,∞ = ‖ f ‖∞ . Thus, we obtain the desired estimate
‖T f ‖p  ‖ f ‖q,r  ‖ f ‖r + ‖ f ‖q. 
Let E bet a set with |E| 1 and supp g ⊂ E then
‖T g‖p0  ‖g‖q0 + ‖g‖r0  ‖g‖r0 ,
‖T g‖p1  ‖g‖q1 + ‖g‖r1  ‖g‖r1 .
Interpolating we get
‖T g‖p  ‖g‖r,
where the implicit constant does not depend on E .
Remark 1. Suppose p1  p0. If T f is deﬁned on a set of ﬁnite measure then ‖T f ‖p  ‖T f ‖p1 . Let E = {| f | > ‖ f ‖r}. Then|E| 1. Put g = f · χE and h = f · χEc . If r  q1 then ‖Th‖p  ‖Th‖p1  ‖h‖q1 + ‖h‖r1  ‖h‖r + ‖h‖∞  ‖ f ‖r . Thus,
‖T f ‖p =
∥∥T (g + h)∥∥p  ‖ f ‖r .
Note that the condition r  q1 implies that r1  r0 and q1  q0. If r > q1 then we also have
‖T f ‖p  ‖ f ‖q1 + ‖ f ‖r .
The above results are also applicable to mixed norms. Recall
‖g‖p,s =
( ∫
ρ∈SO(d)
∥∥gρ − gˆ(0)∥∥sp dρ
) 1
s
.
Then ‖g‖1,∞  ‖ f ‖1 and ‖g‖2,2  ‖ f ‖q + ‖ f ‖2, where 1 q < 2dd+2 and d 5. Applying Lemma 1 we obtain
‖g‖p,p′  ‖ f ‖s + ‖ f ‖p,
where 1 p  2 and 1s′ = 2p′q′ , i.e., s < 11− d−2d · 1p′ . Using Remark 1 we also have
‖g‖p,2  ‖ f ‖p,
when 1 p < 2dd+2 and
‖g‖p,2  ‖ f ‖q + ‖ f ‖p,
when p  2d and q < 2d .d+2 d+2
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